In this article we establish the arithmetic purity of strong approximation for certain semi-simple simply connected k-simple linear algebraic groups and their homogeneous spaces over a number field k. For instance, for any such group G and for any open subset U of G with codim(G \ U, G) ≥ 2, we prove that
1. Introduction 1.1. Background. Algebraic varieties whose set of rational points is dense in the adelic space with respect to the adelic topology is said to verify strong approximation. This subject has a long history and it is algebraic groups who have been first touched. Eichler [Eic38] first studied strong approximation for some classical groups. Since the 60s, several authors established that semisimple simply connected algebraic groups verify strong approximation. The number field case is mainly due to Kneser [Kne65] and Platonov [Plat69] . We refer to the book [PR] for further details and references.
As from the definition of adelic spaces (cf. [Co12] ), the study of strong approximation naturally involves integral points. They are generally believed to be more intricate to tackle with than rational points regarding our present knowledge, and it seems that more evidences are needed to formulate general conjectures. Note that if the ambient variety is proper, the strong approximation boils down to the weak approximation, a subject which has already cumulated lots of examples and evidences. We shall be interested in affine varieties, including the aforementioned semisimple simply connected algebraic groups and their homogeneous spaces. The adelic topology is in general finer than the product topology of local points. If the topology is "too" fine than it can happen that strong approximation fails even for simplest examples like A 1 since number fields are diagonally embedded in their adèles as a discrete lattice. One needs to modify the topology via "forgetting" a finite number of places, say S, and consider the topology induced by adelic points without S components. In this case we refer to the property as strong approximation off S (Def. 1.2 (1)).
It is a natural question how these density properties vary under birational modifications. First of all, by a ultrametric version implicit function theorem (cf. [Ser, II. §9 .3] and [PR, §3.1]), the weak approximation property is birationally invariant. However for strong approximation off any finite number of places this is not true any more even for A 1 , as it fails already for G m . More generally being simply connected is a necessary condition for varieties over number fields to verify strong approximation, as was first pointed out by Minčhev [Min89, Theorem 1]. On the other hand, consider the variety A 1 × G m over Q. This variety does not satisfy strong approximation off R but this failure is encountered by the Brauer-Manin obstruction thanks to Poitou-Tate duality (cf. [Har08, §1.2]). However Cao and Xu ( [CX18, Example 5.2]) proved that the defect of strong approximation off R of the variety A 1 × G m \ {(0, 1)} cannot be explained by (anyétale) Brauer-Manin obstruction. This shows one difficulty caused by the purity of the Brauer group ( [Gro, §6] ). That is, it is insensitive to subschemes of codimension 2.
In a reverse direction however, one expects that strong approximation property (when there is no Brauer-Manin obstruction) is transitive among smooth varieties up to a closed subvariety of codimension at least 2. The following question has been raised first by Wittenberg Question 1.1. Let X be a smooth variety which satisfies strong approximation off a finite set of places S. Does any Zariski open subset U of X satisfy also this property, whenever codim(X \ U, X) 2?
Following [CLX] , we shall say that such X verifies the arithmetic purity of strong approximation off S (Def. 1.2 (2)). One piece of evidence is supported by the purity of branch locus due to Zariski-Nagata-Grothendieck (cf. [Sza, Thm. 5.2.13, Cor. 5.2.14]). It states morally that the algebraic fundamental group is also insensitive to codimension 2 subschemes. So a positive answer to Question 1.1 is compatible with Minčhev's observation.
Let us summarize some known results in the literature. Wei [Wei14, Lemma 1.1] and, independently Xu and the first author [CX18, Proposition 3.6] proved that Question 1.1 has a positive response for the affine space A n . Their results were applied to show that strong approximation with Brauer-Manin obstruction holds for toric varieties. Harpaz and Wittenberg gave another application of this result in [HW16] . Afterwards, Liang, Xu and the first author gave an affirmative answer for quasi-split semi-simple simply connected linear algebraic groups ( [CLX, Thm. 1.1]) and also proved that the study of general homogeneous spaces can be reduced to the case of semi-simple simply connected linear algebraic groups ( [CLX, Thm.
1.3]).
It is the objective of this paper to give more positive evidences towards Question 1.1 as a continuation of the above investigations. More precisely, we give an affirmative answer for semi-simple simply connected almost simple linear algebraic groups which are isotropic. And, if we only consider the adelic topology off archimedean places, we also give affirmative answer for arbitrary 3-dimensional semi-simple simply connected groups as well as spin groups for any non-degenerate quadratic form with more than three variables.
1.2. Notations and terminologies. In the present paper, k will denote a number field unless otherwise specified. We denote by Ω k the set of places of k and denote by ∞ k the set of archimedean places. For each place v ∈ Ω k , k v denotes the completion of k and k ∞ = v∈∞ k k v . We denote by O k (resp. O v ) the ring of integers of k (resp. k v for v ∈ Ω k \ ∞ k ). The ring of adèles is denoted by A k . For any finite subset S of Ω k , the ring of S ∪ ∞ k -integers of k is denoted by O k,S . When S ⊂ ∞ k , we simply write O k for O k,S . The ring of adèles without S-components is denoted by A S k . For X a fixed k-variety, we denote by pr S : X(A k ) → X(A S k ) the natural projection between sets of adelic points of X. For each x ∈ X (resp. v ∈ Ω k ), k(x) (resp. k(v)) denotes its residue field.
Definition 1.2. Let X be a variety over a number field k and S be a finite subset of Ω k .
(1) We say that X satisfies strong approximation off S, abbreviated as (SA) off S, if the diagonal embedding of X(k) is dense in pr S (X(A k )); (2) Let c ∈ N 1 . We say that X satisfies the arithmetic purity of strong approximation off S of codimension c if any open subvariety of X whose complement is of codimension ≥ c satisfies strong approximation off S. In particular, when c = 2, we simply say that X satisfies the arithmetic purity of strong approximation off S, abbreviated as (APSA) off S.
Similarly we shall denote by (WA) in the place of "weak approximation". Our terminology follows standard textbooks on linear algebraic groups (eg. [Bo] , [Hum] Theorem 1.4. Let k be a number field. Let G be a semi-simple simply connected k-simple linear algebraic group. If G contains a closed subgroup G ′ ⊂ G with G ′ a 3-dimensional semisimple simply connected linear algebraic group such that G ′ (k ∞ ) is non-compact, then G satisfies (APSA) off ∞ k .
According to [Kne65] and [Plat69] , the non-compactness of G S = v∈S G(k v ) is also a necessary condition in order that the semi-simple simply connected group G satisfies (SA) off S.
As a consequence of above results, the following theorem answers Wittenberg's question affirmatively in the case of affine quadric hypersurfaces (cf. [AIM14, Question 6]).
Theorem 1.5. Let k be a number field. Let q(x 1 , · · · , x n ) be a non-degenerate quadratic form over k with n ≥ 3 variables and G := Spin(q) the corresponding spin group. If q is isotropic over an archimedean place, then (i) G satisfies (APSA) off ∞ k ; (ii) for any a 0 ∈ k × , the affine variety defined by q(x 1 , · · · , x n ) = a 0 in A n satisfies (APSA) off ∞ k for any n ≥ 4.
Remark. For Theorem 1.5 (ii), when n = 3 the affine variety in (ii) can have non-trivial Brauer group and hence Brauer-Manin obstruction [Bor97, §1.2] to integral points, while n 4 there is no such obstruction. The same technique applies to the case n = 3 and shows that (APSA) off ∞ k holds with Brauer-Manin obstruction (cf. [CLX, Def. 2.1]).
1.4. Ingredients, strategies and organization of the paper. Our strategy relies on a combination of the fibration method and an analytic input due to Sarnak et al. In Section 2 we develop some technical lemmas both for the proof of a more generalised version of Theorem 1.3 (i.e. Theorem 2.1) and for anisotropic cases. Roughly speaking, having fixed some open subset U of G, a non-trivial subgroup H action can "increase" the codimension of U (Lemma 2.3). Then the proof of Theorem 2.1 is achieved by considering the fibration G → H\G via an induction argument on the codimension. In Section 4 is devoted to proving Theorems 1.4 and 1.5. The proof of Theorem 1.4 reduces to 3-dimensional cases (Theorem 4.1). After a careful choice of integral models, a major difficulty that remains to overcome is to find a rational point that can "avoid" the given codimension 2 subset modulo infinitely many primes. In doing so we appeal to a Brun-type combinatorial sieve developed in [NS10] and [BGS10] , which constitutes the content of Section 3. More explanations on the proof of Theorem 4.1 are postponed in Section 4.2.
Isotropic case
2.1. A non-standard fibration method. Our ultimate goal is to prove Theorem 1.3 via establishing the following more general result.
Theorem 2.1. Let k be a number field and S ⊂ Ω k be a finite subset. Let G be a semi-simple simply connected k-simple linear algebraic group. If G contains a non-trivial closed subgroup H ⊂ G such that H satisfies (APSA) off S, then G also satisfies (APSA) off S.
2.2.
Proof of Theorem 2.1. In this section, let k be a number field and G a semi-simple simply connected k-simple linear algebraic group. We are grateful to Harpaz for useful exchanges from which our arguments here are inspired. We start by two technical lemmas.
Lemma 2.2. Let H ⊂ G be a non-trivial connected closed subgroup and E ⊂ D G be two proper non-empty closed subsets. Then the set
Proof. Firstly we prove that Φ H,E,D ⊂ G is open. Let p 1 : G×H ×E → G be the first projection (hence flat and open) and
Let H ′ ⊂ Gk be the closed subgroup generated by allk-conjugacy of H. Then H ′ ⊂ Gk is a normal subgroup containing Hk and hence dim H ′ ≥ dim H > 0 by the assumption that H is non-trivial. Note that H ′ can be defined over k since it contains all Galois conjugates of its components. Since G is k-simple, we have
Lemma 2.3. Let H ⊂ G be a non-trivial connected closed subgroup and D G be a proper closed subset. Then there exists a g ∈ G(k) and closed subset
Proof of Theorem 2.1. By assumption that H satisfies the (APSA) off S, one has H(k S ) is not compact. Then G(k S ) is also not compact. Let π : G → Y := H\G be the quotient map.
Let D ⊂ G be a closed subset of codimension c ≥ 2 and U := G \ D. Now we prove that U satisfies (SA) off S. By induction, we may assume G satisfies the arithmetic purity off S of codimension c + 1 (the initial case being c = dim G).
By Lemma 2.3, after replacing H ⊂ G by its k-conjugacy if necessary, we may assume there exists a closed subset D ′ ⊂ D such that:
Then π U 1 ia a H-torsor and π U is smooth surjective with geometrically integral fibres. By [CLX, Prop. 3 .5], there exists an open subset V 0 of V 1 such that codim(D y , G y ) ≥ codim(D, G) ≥ 2 for any y ∈ V 0 , where D y , G y are the fibres of π over y. Denote U 0 := π −1 U (V 0 ).
For any non-empty open subset
is open and, by continuity,
2.3. Proof of Theorem 1.3. By Borel-Tits theory (cf. [CGP, Rem. C.3.10]), the group G being isotropic is equivalent to that G contains a closed subgroup isomorphic to G a . The statement now follows from Theorem 2.1 for G a ⊂ G, for which (SA) off any place is known by Chinese Reminder Theorem.
Almost prime polynomial values
Based on results in [BGS10] [NS10], we study quantitative growth of almost prime integral polynomial values on semi-simple simply connected groups. The result presented here mainly comes from [NS10] . We want to prove (Theorem 3.1) finiteness of the saturation number ( [NS10, p. 361]) of a regular function which is not necessarily absolutely irreducible and evaluates on a given principal congruence subgroup. We derive an applicable form (Corollary 3.4) as a key input in the proof of Theorem 4.1.
3.1. A combinatorial sieve. One central analytic input is a Brun-type combinatorial sieve in a form developed by Diamond, Halberstam and Richert. It gives us (lower bound) estimates for the growth of integers in a sequence which are free of moderately large prime divisors. If the sequence is produced by some polynomial, a direct consequence is that the number r of prime divisors of each element sieved out is (uniformly) bounded (in terms of the degree of the polynomial and the bound for the least "large" prime factor).
We will adopt standard notations from the book [HR74] . The letter p always denotes a prime number. Let A be a finite set, P be a set of prime numbers, and P c be the set of primes not in P.
The quantity ω(d) d X should be considered as an approximation of the cardinality of A d when gcd(d, P c ) = 1 and R(d) is the reminder term. For z > 0, define P(z) = p<z,p∈P p.
The (1) There exists 0 < c < 1 such that for all p prime, we have 0 ω(p) p < c;
(2) there exist κ > 0 (called a sieve dimension) and A 0 > 1 such that for any 2 z 1 z,
Then if z > 0 is such that z 2 X τ (log X) −A 1 , the sifting function S(A, P, z) := #{a ∈ A : gcd (a, P(z)) = 1)} verifies that
3.2. Main results. Let G be a semisimple simply connected linear algebraic group over Q. Let us fix an embedding G ֒→ GL n,Q . We choose for G the integral model G over Z inherited from GL n,Z . The coordinate ring Q[G] is a unique factorization domain. We fix a height function H on GL n (Z). For example, we can define for g = (g i,j ) ∈ GL n (Z),
the principal congruence subgroup of level α. We now state the main result of this section. 
Remarks.
(1) Thanks to the works [DRS93, Theorem 1.2], [Mau07, Theorem 1], [GW07, Theorem 2.7], we know that there exist rational numbers a > 0, b 0 such that
See e.g. [NS10, §3.1] for an interpretation of the constants a, b. So Theorem 3.2 implies that the number of Γ α -lattice points g of bounded height T such that f (g) is free of prime divisors other than those dividing α or N and are smaller than some power of T goes to infinity as T grows.
(2) A more sophisticated weighted sieve method (cf. [HR74, Chap. 10], [DH08, Chap. 11])
should give a smaller admissible value for r (this is one of the ingredients for refinements in [NS10, p.398-400]), we are not going to pursue this further in our present article.
(3) We could have chosen to worked with arbitrary Zariski dense subgroup and care about primes dividing αN. For this we may need to assume f is primitive ( [BGS10, p. 561]) and G is almost simple.
An immediate consequence of Theorem 3.2 is the following.
Corollary 3.3. Let X be an affine homogeneous space under G. Suppose P ∈ X(Q) and F is a separable regular function on X that takes non-constant integer values on the orbit Γ α · P . Suppose that F (P ) = 0 and let N = gcd(F (Γ α )). Then there exists r ∈ N 1 such that for any M > 0, there exists g ∈ Γ α , the integer F (g · P ) has at most r prime factors larger than M which do not divide αN.
Proof. We apply Theorem 3.2 to the function defined by f (g) = F (g · P ), g ∈ G(Q). Notice that as T → ∞, T β eventually exceeds M. So we can find g ∈ Γ α such that, according to (3.2) in Theorem 3.2, any prime divisor of f (g) is either > T β , or dividing αN. Both are satisfactory. As f is regular, there exists θ > 0 such that |f (g)| T θ for all g ∈ Γ α whenever H(g) < T . So the number of prime factors of |f (g)| which are > T β is θ/β + 1. We may take r = ⌊θ/β⌋ + 1 to conclude.
3.
3. An application. For later use, we need to generalise Corollary 3.3 to arbitrary number fields. In this section, let k be a number field and G a semi-simple simply connected linear algebraic group over k. Assume G(k ∞ ) is non-compact. We fix an embedding G ⊂ GL n,k and we choose the integral model G := G ⊂ GL n,O k . Theorem 3.2 and Corollary 3.3 are sufficient to prove the following technical result.
Then there exist an integer r 1 so that, for any sufficiently large M > 0, there exists g ∈ G(k) ∩ Φ such that f (g) has at most r prime factors in O k,S , and the cardinalities of their residue fields are larger than M.
Proof. Let us consider
We have that G ′ is semi-simple simply connected and G ′ is a smooth integral (Néron) model of
). We identify the group Φ as a subgroup of G ′ (Z S ′ ). Take α ⊂ Z of the form ( v∈S ′ p mv v ) for m v ∈ N 1 large enough so that its associated principal congruence subgroup Γ α ⊂ Φ. The non-compactness of G(k ∞ ) implies the same for G ′ (R). Note that f ′ ∈ Z S ′ [G ′ ] and we can multiply f ′ by an integer R whose prime divisors are in S ′ such that Rf ′ has integer coefficients and we still denote it by f ′ . Now f ′ takes integer values on Γ α and the hypothesis f (G
We now apply 3.4. Proof of Theorem 3.2. Before preceding to the proof of Theorem 3.2, we shall need a version of Lang-Weil estimate to deal with varieties not necessarily geometrically irreducible.
Lemma 3.5. Let V be an integral normal variety over a number field K. Then there exists a finite extension L of K such that the structural morphism V → SpecK factors through SpecL and that V over L is geometrically irreducible.
Proof. We may assume that V = Spec(A) where A is an integral k-algebra with fraction field K(V ), the function field of V , such that A is integrally closed in K(V ). Let L be the algebraic closure of K in K(V ). Then L, as a finitely generated K-algebra, verifies [L : K] < ∞ and L ∩ K(V ) = L. By [Liu02, Corollary 2.14(d) Chap. 3], it remains to show that K ֒→ L ֒→ A. Take x ∈ L. Then there is a monic polynomial with coefficients in K which vanishes at x. As K ֒→ A, we have that x is integral over A and so x ∈ A by assumption that A is normal. 
Proof. Let L be as in Lemma 3.5 and let S ′ be a finite set of places of L above S so that we have a factorisation V → SpecO L,S ′ → SpecO K,S . We can enlarge S ′ so that it includes all places of "bad reductions" of V (that is, prime ideals q such that some (geometrically) irreducible component of V/O L,S ′ is not geometrically irreducible modulo q). Then the existence of a Proof of Theorem 3.2. Most of the arguments will follow the lines in [NS10, §4] .
Recall N = gcd(f (Γ α )). By multiplying f by some integer dividing α we may assume that 
.
And for other d we put ρ f (d) = 0. Choose an integral model V for V = (f = 0) ∩ G over Z S , whereS is a finite set of primes containing those dividing αN and those p such that G(F p ) is not geometrically irreducible. Let us define the sequence indexed by g ∈ Γ α A = {N −1 |f (g)|} g∈Γα,H(g)<T ⊂ N.
Thus
X := #A = #{g ∈ Γ α : H(g) < T }.
Then for p / ∈ S, by applying Lang-Weil estimate (Corollary 3.6) for V, we have
Thus the sieve conditions (1) & (2) are satisfied for P = {p : p ∤ αN} and ̺ f by Merten's first theorem [T, §1.4 Theorem 7] (for (1) choose 0 < c < 1 admissible for all primes ∈ S or C(V ), for (2) κ = C(V ) and exceptional primes in S being absorbed into the constant A 0 ). Now it remains to run the proof in [NS10, §4.2] to evaluate A d for gcd(d, N) = 1. First choose representatives ξ 1 , · · · , ξ #Γα[dN ] ∈ Γ α of the group (again recall (3.3) and that G verifies strong approximation) Γ α /Γ dN ≃ Γ α [dN]. The following computation relies on the crucial observation that in this affine setting, the function f takes constant residue modulo dN on any coset ξ i Γ dN . By applying [NS10, Theorem 3.2] to both Γ α and Γ dN , we henceforth get the decomposition (recall the constant a in (1))
where θ is given in [NS10, Theorem 3.2] and the implicit constant in the error term is uniform for all d. Therefore (with X = #A)
To estimate R(d), we recall a version of "Hensel's lemma" concerning the number of lifting F ppoints to thickening (cf. for example [BL19, Lemma 2.1]): #W(Z/p m Z) = #W(F p )p (dim G)(m−1) , if W is smooth of relative dimension m over Z p . Consequently, we have for d ∈ N 1 ,
Thanks to (3.4) as in [NS10, (4.28)], we get
The sieve condition (3) holds with τ < θ(a(1 + dim G) 2 ) −1 ( [NS10, p. 382]). We conclude from Theorem 3.1 that the sifting equality (3.1) now writes (with z = O(X τ 2 −ε ), ε small)
by sieve condition (1) and [HR74, Lemma 2.3]. Thus (3.2) is proved.
Anisotropic case
4.1. Three-dimensional case -a key step. The following is our main result, whose proof shows how the fibration method and affine combinatorial analytic sieve match together.
Theorem 4.1. Let G be a 3-dimensional semi-simple simply connected linear algebraic group over a number field k and T ⊂ G be a maximal torus. If T (k ∞ ) is not compact, then G satisfies (APSA) off ∞ k .
4.2.
Overview of the proof and side remarks. Let D ⊂ G be closed of codimension at least 2. In Step I, as explained in the introduction, by using results in Section 2, we can choose T so that D does not contain any fibre of the fibration π : G → T \G. Here we make essential use of the assumption dim G = 3. The use of π allows us to construct "good" integral models (Properties (i)-(v) in Step II) and control uniformly the fibres intersecting D. In Step III the (SA) property for G is used to produce rational points in any open subset (W 1 (4.4) in the proof) of G(A ∞ k ). The problem is to find points lying in U = G \ D modulo almost all places to ensure that they are in U(A ∞ k ) (the open set W (4.2) in the proof). In Step IV we apply sieve results in Section 3 to produce some g ∈ G(k) in some open subgroup fixing W 1 for a well-chosen regular function F vanishing on D so that, composed with π, F only vanish at (uniformly) finitely many places when evaluated at the new point P ′ = g · P . As the torus T contains integral points of infinite order because of non-compactness at archimedean places. To finish, in Step V we make use of the action of T on the fibre containing P ′ without changing the values of F .
In some sense, the assumption that dim(G) = 3 is only used for the choice of integral models. It seems probable that properties (i)-(v) (and a priori Theorem 4.1) can hold in wider generality. We hope to make further investigation on this. 4.3. Proof of Theorem 4.1. We begin with an elementary well-known result on action of topological groups for the sake of completeness. 
Proof of Theorem 4.1. The isotropic case is already covered by Theorem 1.3, so we only need to consider the case where G is anisotropic in what follows. Fix D ⊂ G a closed subset of codimension c ≥ 2 and U := G \ D. We want to prove that U satisfies (SA) off ∞ k .
Step I: Geometric setup.
The assumption dim(G) = 3 implies that the group G must be k-simple (by considering the decomposition of G into k-simple factors and by using the fact that there is no one-dimensional semi-simple group). Moreover, the Bruhat decomposition implies that the big cell of Gk is of the form U + × Tk × U − where U + (resp. U − ) is the unipotent radical of some Borel subgroup (resp. opposite Borel subgroup) of Gk (cf. [Bo, Cor. 14.14] ). So codim(T, G) is even and dim(T ) = 1.
Let us consider the quotient morphism π : G → Y := T \G. By Lemma 2.3, after replacing T by one k-conjugacy, we may assume there exists a closed subset D ′ ⊂ D such that: T · D ′ = D ′ , dim(D ′ ) < dim(D) and π(G\D) = (Y \π(D ′ )). Since dim(G) = 3, one has dim(D ′ ) < dim(D) 1 and so D ′ = ∅ because T · D ′ = D ′ . As π is a T -torsor, its restriction π U := π| U : U → Y is smooth surjective with geometrically integral fibres. Thus D does not contain any fibre of π and, for any y ∈ Y , the fibre D y := π −1 (y) ∩ D is either empty or dim(D y ) = 0.
Let V 0 be the non-empty open subset Y \ π(D) (note that dim(π(D)) dim(D) < dim Y ) and U 0 := π −1 (V 0 ) ⊂ U. Since Y is affine (by Matsushima's criterion as T , G are reductive, cf. [PV, §4 Thm. 4.17]), after shrinking V 0 , we may assume there exists a separable regular function F ∈ k[Y ] such that its zero locus V (F ) is exactly Y \ V 0 .
Step II: Integral models, locating "bad" fibres We now fix integral models of G, T and U as follows. We choose an embedding G ⊂ GL n,k , and let G = G ⊂ GL n,O Proving that U satisfies (APSA) off ∞ k now reduces to proving that, for W ⊂ U(A ∞ k k ) a non-empty open subset,
First of all, there exists a finite subset S ⊂ (Ω k \ ∞ k ) such that:
(i) by shrinking W if necessary, we may assume 
Step III: Torus action. Let (4.4)
We have Φ G · W 1 = W 1 and Φ T · W 1 = W 1 . Since G is anisotropic and
an element of infinite order. Then for any integer l ∈ Z >0 , the set (4.5) {v ∈ (Ω k \ ∞ k ) : ord(Q mod v) ≤ l} = ∪ 1≤j≤l {v ∈ (Ω k \ ∞ k ) : Q j mod v = 1 T mod v} is a finite union of finite sets (here "ord" means the order of Q mod v in the group T (k(v))). Thus for any integer r, there exists an integer M r , such that for any place v with #k(v) > M r , one has that ord(Q mod v) is larger than rN + 1 (recall N (4.3) and the reason of choosing this number will be clear in Step V).
Step IV: Applying the combinatorial sieve.
Since G(k ∞ ) is non-compact (because of T (k ∞ )), G satisfies (SA) off ∞ k . Hence there exists P ∈ G(k) ∩ W 1 (recall W 1 (4.4)). By (iii) and (iv), the function f ∈ O k,S [G] defined by f (g) = F • π • (g · P ) satisfies f (G(O v )) ∩ O × v = ∅ for any v / ∈ S ∪ ∞ k . Taking (ii) into account, the hypotheses of Corollary 3.4 (applied to Φ := Φ G ∩ G(O k,S )) are satisfied. Thus there exists an integer r and an element g ∈ Φ such that f (g) has at most r prime factors in O k,S and all of their residue fields have cardinalities larger than M r .
Step V: Avoidance of bad fibres, conclusion. Let P ′ be the point g · P ∈ G(k) ∩ W 1 , Θ be the set {Q l · P ′ } r·N l=0 and S 0 := {v ∈ Ω k \ (S ∪ ∞ k ) : π(P ′ ) mod v ∈ V (F )}.
Then the set S 0 (if non-empty) has at most r elements and ord(Q mod v) ≥ rN + 1 for all v ∈ S 0 . And for any v ∈ S 0 , the set Θ mod v has cardinality rN + 1. Let y v := π(P ′ ) mod v. By (4.3) in (v), we have rN + 1 #S 0 deg D yv + 1 > #S 0 deg D yv #S 0 #D yv (k(v)), ∀v ∈ S 0 .
Thus there exists a point P ′′ ∈ Θ so that P ′′ mod v / ∈ D for any v ∈ S 0 . By definition of S 0 , π(P ′ ) = π(P ′′ ) mod v ∈ V (F ) for any v ∈ S ∪ S 0 ∪ ∞ k . We have finally proven that P ′′ mod v / ∈ D for any v / ∈ S ∪ ∞ k . We thus obtain P ′′ ∈ W ∩ G(k) = W ∩ U(k) (recall W (4.2)), which is exactly what we want in (4.1). This finishes the proof of the theorem. 4.4. Proof of Theorem 1.4. By Theorem 2.1, we may replace G by G ′ and assume dim(G) = 3. Since G(k ∞ ) is non-compact, there exists a v ∈ ∞ k such that G(k v ) is non compact. By [PR, Thm. 3.1], G kv is isotropic, so it contains an isotropic maximal torus T v ⊂ G kv over k v . By [PR, §7.1, Cor. 3], there exists a maximal torus T ⊂ G over k such that T kv is conjugate to T v over k v . Thus T (k ∞ ) is non compact. Then the statement follows from Theorem 4.1. 4.5. Proof of Theorem 1.5. We may assume q(x 1 , · · · , x n ) = n i=1 a i x 2 i with a i ∈ k × for all i. Since q is isotropic over some v 0 ∈ ∞ k , if v 0 is real, then we may assume that v 0 (a 1 · a 2 ) < 0. Then the spin group G ′ := Spin(a 1 x 2 1 + a 2 x 2 2 + a 3 x 2 3 ) has dimension 3 and is non-compact over v 0 . By definition, G ′ is a closed subgroup of Spin(q) and the statement (i) follows from Theorem 1.4.
The statement (ii) follows from [CLX, Thm. 1.3] and [CT-X09, §5.3] (The property (APSA) for semi-simple groups implies the same for homogeneous space).
